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Viz&g [Diskret. Anal& 3 (1964), 25-301 has shown that if p denotes the 
maximum valency of a simple graph, then its chromatic index is either p or 
p + 1. The object of this paper is to show that the chromatic index of an outer- 
planar graph G is p if and only if G is not an odd circuit. 
Let x@(G) denote the chromatic index of a simple graph G, i.e., the least 
number of colors required to color the edges of G in such a way that any 
two adjacent edges are assigned different colors. Also, iet p denote the 
maximum valency of G. Then it has been shown by Sizing [3] that 
ere, and in what follows, 1 indicates the end or absence of the proof.) 
say that G is in class 1 (G E C1 or G E C,,l) if x&(G) = p- Otherwise, 
G is in class 2 (G E C2 or G E C,,2). We also denote by C,* the set of those 
nnected C02-graphs which become C,,l-graphs if any of their edges is 
leted. We call such graphs critical. 
Using this definition of critical graphs, Vizing [4] ha 
that if G is a planar graph and if p is at least 5, then 
diflkult to construct planar graphs which are in CO2 for 2 < p < 5. For 
example, the odd circuits and the graphs obtained from three of the 
Platonic graphs, tetrahedron, octahedron and icosahedron, by the insertion 
of a vertex into any of the edges, illustrate our point. For the cases where 
p is six or seven, the question is still open. We have been able to prove the 
following partial result in this direction, the proof of which can be found 
in [I]. 
If G is a planar CT2-graph, then G must contain at least six vertices of 
maximum valency. 1 
* I am indebted to L. W. Beineke for his helpful comments and suggestions. 
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However, for outerplanar graphs, i.e., graphs which can be embedded 
in the plane in such a way that all its vertices lie on the same face, the 
problem is solved completely in the following manner. 
MAIN THEOREM 
An outerplanar graph G is in class 1 unless G is an odd circuit. 
Before proving this result we need a couple of preliminary lemmas and 
a definition. We define the Szekeres-Wilf number h(G)l of a graph G to be 
where the maximum is taken over all induced subgraphs G’ of G and where 
p(v) denotes the valency of the vertex v. 
LEMMA 1. If G is an outerplanar graph, then h(G) < 2. 1 
One can find a proof of this result in [2]. The following lemma is due 
to Vizing [4]. 
LEMMA 2. If G is a graph with maximum valency p and if h(G) does not 
exceed +p, then G E C,l. 
Proof. Assume the contrary, i.e., that there exists a graph G satisfying 
h(G) d &p and xe(c;)=pil. 
Without loss of generality we can assume that G is critical. Let S be the 
set of vertices of G whose valency does not exceed h and let V(G) denote 
the vertex-set of G. Suppose that there exists at least one vertex in V(G)‘+’ 
of degree at most h in the subgraph induced by v(G)\S and let v’ be any 
such vertex of degree at most h in this subgraph. From the definition of 
S it follows that o’ is adjacent in G to at least one vertex of S which has 
degree in G at most h. Now, critical graphs have the following property. 
If ZI is a vertex of degree k and if w  is an vertex adjacent with v, then w  is 
adjacent to at least p - k + 1 other vertices of maximum degree p 
1 It should be noted that Halin (A colour problem for infinite graphs, in “Com- 
binatorial Structures and Their Applications” pp. 123-127, Proc. Calgary International 
Conference, Gordon and Breach, New York, 1970, quotes the result that Cal(G) = 
1 + mm&-G minuS~(o,) p(v), where Cal(G) is defined by Erdos and Hajnal (On chromat- 
ic number-of graphs and set-systems, Acta IMath. Acud. Sci. Hmg. 17 (1966), 61). 
Thus, h(G), the Szekeres-Wilf number defined here, is Cal(G) - 1. 
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(cf. [4] for details). Hence, using this property and since h < $p 
V(G)\S contains all vertices of degree p in G, it follows that v’ is adja 
to at least p - h + 1 2 h + 3 > h vertices in V( S, contrary to the 
above supposition, thus proving the required result. 
LEMMA 3. If G is a 2-connected outerplanar graplz paving ~axi~~r~ 
degree 3, then G has a vertex of degree 2 which is either (i) adjacent to 
another vertex ofdegree 2, or (ii> adjacent to two adjacent vertices ofdegree3. 
-PPOO~ Since G is 2-connected and outerplanar, it is clear that G is 
Hamiltonian. For any pair of vertices u, v define d(u, v) ts be the shortest 
distance between u and v along the Hamiltonian circuit. so define a 
chord of G to be any edge not belonging to the ~an~~tQ~ia~ circuit. Let 
(xX0, y,) be a chord of G such that among all chords (x, y) of 6, &, , y,J 
is minimal. 
Note that d(xO , y,,) 2 2, and d(x,, , yO) = 2 aorresponds to case (ii) of 
our lemma. If d(x, , y,J is at least 3, then, because G is outerplanar, we %-an 
write G = $$I u Bz , where lY1 n W, = (x,, , yO). Without loss of generality, 
let 1 V(&)/ < j V(W,)[. Now either H1 has a chord or not. If it has, we 
have a contradiction to the minimality d(x, , yO). If it has not, then this 
corresponds to case (i) of our lemma. 
PROOF OF MAIN THEOREM 
If G is an odd circuit, then G is of class 2. So, we can assume that G is 
not an odd circuit. If p = 1 or 2, then the statement is trivially true. 
If p is at least 4, then the result follows by Lemmas 1 and 2. So there 
remains to consider only the case p = 3. It is clear that we need consider 
only graphs which are connected. Also, if G has a cut-vertex, then G has 
some bridge e, since the maximum degree is 3. If G\{e> is 3-colorable, then 
so is 6. Therefore we need only look at graphs which are at least 2-con- 
netted. From Lemma 1 it follows that such graphs have connectivity 2. 
With this assumption, and by the outerplanarity of 6, we h.ave that G has 
a IIamiltonian circuit. We now proceed by induction on the number of 
edges t of the Hamiltonian circuit. The statement is clearly true for the 
case t = 4. So assume it is true for all outerplanar graphs with t < to ) 
and consider one having t = to + 1. 
y Lemma 3, G has either two vertices, v and w  say, which are adjacent 
and both have degree 2, or there are three mutually adjacent vertices, 
X, y, .z say, such that x has degree 2 and y and z both have degree 
In the first case by contracting (v, w) to a single vertex, and in the secon 
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by contracting the 3-circuit (x, y, z) to a single vertex, we obtain an outer- 
planar graph with t at most t,, and which is 3-colorable by the inductive 
hypothesis. It is not difficult to see that any 3-coloring of this graph can 
be extended to a 3-coloring of G. 
Since we have dealt with all cases, the result is proved. 1 
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